The generalized Lefschetz number of a selfmap on a finite CW complex is a trace-like quantity that captures both the Lefschetz number and the Nielsen number of the map. In this paper, we will define a relative generalized Lefschetz number for a selfmap f : (X, A) + (X, A) of a finite CW pair, in terms of the generalized Lefschetz numbers of the maps f on X and fA =f 1 A on A. From this number one can extract the relative Nielsen number, thereby allowing us to compute it as a trace.
Introduction
In topological fixed point theory, there are two well-known homotopy invariants associated to every selfmap f : X +X of a finite CW complex X, namely, the Lefschetz number L(f) and the Nielsen number N(f). While L(f) gives an algebraic count of the number of fixed points of f, N(f) gives the cardinality of the fixed point set. Furthermore, L(f) is defined as a trace and therefore is easier to compute, but the calculation of N(f) is in general very difficult. The generalized Lefschetz number introduced by Fade11 and Husseini [2] is a trace-like quantity that captures both L(f) and N(f).
Suppose that X is connected. For every lift f: ?? -2 of f to the universal cover 2, there is an associated homomorphism 4 : T + T given by f~ = 4(a>f for all u E r, where r is the group of deck transformations.
The generalized Lefschetz number _%S(f; X1> [2] is defined as a trace which takes value in ZRJa], the free Z-module generated by the set of orbits R&r] of the Reidemeister action on 7r defined by u * (Y + aa4(a>-'. Under certain conditions [6, Theorem 1.131, one can express _Y(S(f; X)) as a weighted sum CPi,p where i, denotes the fixed point index of the fixed point class corresponding to the Reidemeister class p.
Hence L(f) = CJ, and N(f) = #(p 1 i, # O}. For maps on surfaces, _Y(S(f; X)) can be computed using Fox calculus [3] . Furthermore, when X is a compact triangulable manifold of dim X2 3, the vanishing of _.Y(S(f; X)) is equivalent to the vanishing of the obstruction to deforming f to be fixed point free. For a selfmap f : (X, A) + (X, A) of a finite CW pair (X, A), Schirmer [9] introduced a relative Nielsen number N(f; X, A) which enjoys the usual properties of the classical Nielsen number.
Under certain mild conditions on (X, A), N(f; X, A) can be realized as a sharp lower bound for the minimal number of fixed points in the (relative) homotopy class of f. However, although the relative Nielsen number provides the minimal number of fixed points in the homotopy class of f, the computation of N(f; X, A) is more complicated than that of the ordinary Nielsen number N(f) as it is defined in terms of N(f) and N(f,) where fA =f IA.
The purpose of this paper is to introduce a relative generalized Lefschetz number _Y(S(f; X, A)) (cf. Section 3) in terms of the generalized Lefschetz numbers _Y(S(f; Xl) and _5?(((fA; A)). Moreover, _Y(S(f; X, A)) takes values in some (Z x 7)-module and can be expressed as a weighted sum C(i,,, iZP)p so that N(f; X, A) is the number of classes p with nonzero weights. Therefore, we can compute N(f; X, A) by computing the trace-like quantities P(S(f; Xl> and 5V(f,4; A)). This paper is organized as follows. In Section 2, we review the necessary background on the relative Nielsen number and generalized Lefschetz number. We define the relative generalized Lefschetz number and verify some basic properties in Section 3. In Section 4, we prove our main results and apply the relative generalized Lefschetz number to the study of fixed points for fiber preserving maps. In the final section, we give some illustrative examples.
For further background in topological fixed point theory, we refer the reader to L71.
Preliminaries
In this section, we review the necessary background on relative Nielsen theory and the generalized Lefschetz number. Our treatment of the former is via the covering space approach so that it will be suitable for the setting of the latter. For more details on these theories, we refer the reader to [2, 6, 9] .
First, let us recall the classical theory of fixed point classes [1, 7] . Let f : X -+X be a selfmap of a connected finite CW complex and let vx : x+X be the universal covering projection. A fixed point class of f is of the form qXFix(f) where f': X+X is a lift of f to the universal cover of X. Furthermore, distinct classes correspond to distinct conjugacy classes of lifts. Associate to each fixed point class F an index, denoted by i(X, f, F), which is the usual fixed point index of F if F # @ and 0 otherwise. Denote by FPC(f) the set of all fixed point classes of f.
Suppose that A CX is a connected subcomplex. Let Q : A'+A denote the universal cover of A and let j, : A +X be the inclusion map. Choose base points a0 EA, a', E q;'(j,Ja,)) and i0 E q-'(j,Ja,)). Let Ja : A +d be the unique lift The relative Nielsen number off [9] is defined by
Wf; X7 A) =N(f) -N(f, f/t) +Nf,).
We now turn to the definition of the generalized Lefschetz number (see [2, 6] where, by tr, we mean the usual trace.
The generalized Lefschetz number off associated to a geometric setting S( f; X)
is defined by
_!F(S(f; X)) = $ (-l)qYr(Pq). q=o
By [6, Theorem 1.131, the Reidemeister trace can be written as a weighted sum so that
P'(S(f; X)) =2(f).
Since we will be assuming X to be a finite CW complex throughout this paper, for convenience of notation, we will use Y(f) to denote the generalized Lefschetz number as a trace as well as a weighted sum over the fixed point classes of f. The generalized 
The relative generalized Lefschetz number
Throughout this section, we assume that (X, A) is a finite CW pair, X is connected and A has n connected components A,, _ . . , A,. 
Zf S<f; X, A) is a relative geometric setting for f and g :(X, A) -+ (X, A) is homotopic to f, then there is a relative geometric setting S(g; X, A) (homotopic to S(f; X, A)) such that z(S(f; X, A)) =p(S(g; X, A)).
For the absolute case, it is sometimes more convenient to compute the generalized Lefschetz number using a different 
Then,

&,@'(S(gf; X, A))) =~(S(.fg; Y> B)).
Last of all, we obtain the following 
(Y, B) and h is a homotopy equivalence of pairs. Given any relative geometric setting S(g; Y, B) of g, there exists a relative geometric setting S( f; X, A) off such that h,(T(S(f; X, A))) =T(S(g; Y, B)) where h .+ : (Z x Z)R(4, n) -+ (Z x Z)R(I,/I, n) is an isomorphism induced by h.
Proof. Let k be a homotopy inverse for h so that f -kgh. Then,
_!Z( S( g; Y, B)) =5?( S( hkg; Y, B))
by Theorem 3.4 =h,(_F(S(kgh; X, A))) byTheorem3.6 =h,(L?(S(f; X, A))) byTheorem3. 4 . 0
For convenience of notation, we will write Z'(f: f:,) to denote P(S(f; X, A))
where S(f; X, A) is the geometric setting of f with lifts f and f: = {fk}.
Main results
One can extract the Lefschetz and the Nielsen numbers of f from its generalized Lefschetz number 5?(f) via the functions A and u as defined in Section 2. In this section, we will show that the relative Nielsen number is the number of terms with nonzero weights in the relative generalized Lefschetz number. We will also compute the relative generalized Lefschetz number under Jiang type conditions. Finally, we will study the fixed point theory for fiber preserving maps via relative Nielsen theory. We conclude this section by relating relative Nielsen theory to the fixed point theory of fiber preserving maps. For the rest of this section, by a fiber space, we will mean a Hurewicz fibration p : E + B with fiber F, base B and total space E O-connected CW complexes. A map f: E + E is fiber preserving or is simply a fiber map if f induces a map f : B + B such that fp =pf. Given a fiber map f, let Let 4 and $ be the induced homomorphisms of f and L respectively. Similarly, we obtain a group homomorphism P: x -77 given by P((Y)$ =~CY for (Y E G-= Cov(nE) and ;ii = Cov(qa). It is easy to see that P$ = $P. Thus P induces a function 9 : R&T] + R&?i].
Theorem 4.1. Let f : (X, A) + (X, A) b e a selfmap of a finite CW pair with X connected. Given any geometric setting for f with lifts f-and f> = (fi}, the relative Nielsen number is gicen by N(f; X, A) =J(-+, f;))
Pr_oof. Suppose that
Let p E R&r] and F be the corresponding fixed point class associated to p.
Similarly, let F be the fixed point class associated to 9(p) ER~[EI.
Using the local product formula of fixed point indices (see e.g. [7, p. 841) i(B, J', F) = 0 * i( E, f, F) = 0.
In other words, essential fixed point classes of f lie over the essential fixed point classes of f. Moreover, if F is essential then it must contain some essential fixed point classes of fj for some i, 1 G i < n. Thus, by definition, no terms of the form (n,, 0)a can occur in _.P(f, &) and hence P'(E &) E @t=,(Z X Z)R,*.
Claims ( We will end this paper with some examples in the next section in which explicit calculations will be carried out.
Examples
Example 5.1. Let X = D X S', the solid torus and A = S' X S', the boundary of X. The cellular decomposition of X will consist of a single O-cell c' = (1, l), two l-cells x,(0) = (e", 1) and x,(t) = (1, e"), two 2-cells y,(0, t) = (e", e") and y2(r, 0) = (re", l), and a single 3-cell z(r, 0, t) = (r-e", e"). The subspace A is then a CW subcomplex of X with the above decomposition.
Here, A = R2 and X = D X R. Furthermore, rA = Za @ Z/3 whereas r E Zp. Thus, We also have 
